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by Theorem 3.10, (¥n)nen (and hence (Zn),en) has 2 subsequence
(2n)nen Which converges to some M € R. Since [z, — L] 2 eVn €N,
M # L. Thus, M and L are 2 distinet subsequential limits of (Zn)pey -

. R since R\ Q is dense in R (Exercise 2.3;4).

. {',];}nEN U{l+ihenu{2+ 1}.en has 0,1, and 2 as accumulation

points.

We have A C R and z € R. Suppose (Zn),ey i a sequence of distinct
points in A with z, — z, and let U be a neighborhood of z. Since
(Zn)nex iS eventually in U, U N A is infinite, and so £ is an accumula-
tion point of A by Proposition 3.4 ‘

- Now suppose that z is an accumulation point of A. By Proposition 3.4,

3.6

(m—v;];-,a:—!-;];-) N A is infinite ¥n € N. Choose z; € (z —1,z+1)N
e a4

A; choose zp € (a:-—-;-,a:-l--zl-) N A with 22 # z3; choose z3 €
1
z— %,a:—%— 3 N A with z3 ¢ {1,72}; etc. Then (Zn),cy is 2 se-

quence of distinct points in A and z, — z.

Since z is an isolated point of A, 3 a neighborhood V' of z such that
VNA = {z}. If (Zo)pen is a sequence in A which converges to z,
then () ey must eventually be in V' N A. Therefore, (Zn)ney must
eventually be the constant z.

Let (Zr)nen be a strictly increasing sequence in Q which converges to
v/2. (Such a sequence exists since Q is dense in R.) Then {zn :n € N}
is a bounded infinite subset of Q whose only accumulation point is V2.

Cauchy Sequences

(a) (§)a2,, or any sequence in (0,1) which converges to 0 or 1.
(b) By Theorem 3.12, a Cauchy sequence in [0, 1] must converge to a
real number, say z. By Theorem 3.3, z € [0,1].

. (a) By Exercise 3.4.4, (zn),¢y does not converge. By Theorem 3.12,

(Zn)nen is not Cauchy.

— 0.

(b) [#n41 — Zn| = nrl
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3. Let (Zn),en be 2 Cauchy sequence in Z, and let € = 1. By Definition
3.11, 3 ng € N such that n,m > ng = |z, — zn| < 1. Since =, and z,,
are integers, n,m > Ny = Tp — Tm = 0 OF Tp, = Trm. Hence, (Tn), ey is
eventually constant.

Since an eventually constant sequence is Cauchy, a sequence in Z con-
verges <=> it is Cauchy (since Z C R) <= it is eventually constant.
Thus, a convergent sequence in Z must converge to an integer.

—_ ) |
4 (a)LetL=b-a. |- {—— - |
FTa %3 X5 %, x,=b
L . L
(b) lze—z1| =L = 5 Let k > 1 and assume [Ty — zz| = ST
Then
z + T
[Tes2 — Tr1] = ﬁlz—"—’i - Tl
1 v
= fz'lxk-z‘kﬂl'
1 L L
T 9 oRTT 9k

By induction, |Znt1 — Zn| = 'Zéf:l. YneN.
(¢) For m > n, '

|Zm — zn] £ |Tm = Tm-1] + |Zme1 = Zm—2| + -+ + |[Tr1 — Tn)

L L L
gm—2 T gm=3 T g1

= L 1+'1. L 2+ -+ L m
= 27 \3 2

R
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-—>0,3noeNsuchthatn_>_no=>§n£:§-<e.

L _
Let n,m > ng. f m > n, thenl:cm—.rn[<§-n:2-<e; while if n > m,

(d) Let & > 0. Since 215_2

then |z, — z,| < -2?11_-2- < &. Therefore, (Tn)pen is Cauchy.

- (a) From Exercise 4(b), |zo+2 — Zogs1| = 2; From the picture in

Exercise 4(a), it is clear that Tok42 > Top41 V k, and so we can remove
the absolute value. To show this by induction, assume z55,5 > Togsy.-
Then

Zok+3 + Tok+2

Tok+4 = T2k+3 T T T2k+s

L2k+2 — Tok+3

2
. L2k+4-2 + Top+1
A
- 2
— T2k+2 — Tok+1 >0

4

by the induction hypothesis. :

(b) Forn=1,z3 = Lt T a+b—a+a+L=a+-L-.Letk2_1
2L 2 L2 2

and assume Zop, ) =a + — 7 + = = o oET Then

932): 2+ Topt1 $2k+1 + 5% + Topsa
Zop4+3 = * 3 = _ 2 (by (a))

= Tokn1+ oopy ,
L L L L
= etgtgt o tong 22%=1 T 55%TT
by the induction hypothesm. By induction, 9,41 has the desired form

Yn>1.
(c)z= nlirgo Zan+1 SINCe (Ton+1) ey IS 2 subsequence of (%n) ey - From

(b)
L L L

ZTopsl = Q-+ E -+ — 5 R 22”_1

s(H (B e ()
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4
2 1\"*
C e (3))
—_ a,+-2-
; 2
2
= Z(b—a) = =a+ =b.
a+3( a) 3a+3
6. First note that
]xn+2"zn+1| < Tlxn+1—znl
< r?|zp — Tn-1
< 13 |zp-1 — Tn-2]
< L1tz -zl

Note that the exponent on r is » + 1 minus the smaller subscript to
its right. (This also follows by induction.)

For m > n,
lx‘m - l'nl < Izm - xm—ll -+ !:CM—I - $m_2| +-et lxn-l-l —In
< (@t ™ gy — 3
= " Hl4r+ri4e + ) |2 — 2
1 _,,.m—-n
— n~{: —
= r ( 1= ) l$2 .’171!
n~—1
< — .
< 1T |ze — z1| - 0

As in Example 3.23 or Exercise 4(d), it follows that (zx),en is Cauchy.

7. First note that z, > 0Vn eN.

[Tnt1 — T 1
— — < b 72 hand . 3
(a) |Tnt+2 — Taw1l Broa@+o) 4 |Zn+1 — Zn| . Thus, the

r of Exercise 6 is i— and s0 (Zn), ey is Cauchy.
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(b) By Theorem 3.12, z, — z € R. Note that £ > 0 since each
Zn > 0. Then

rz= lim z = lim LI
T oo n+1—n—->002+xn-—2+2’

and so 22+ 2z —1 = 0 or £ = ~1+ /2 by the quadratic formula.
Sincez >0, z = -1 ++2.

3.7 Limits at Infinity
1. leta>0and §<0.

(a) Since N is unbounded above, 3 ng € N such that ng > 2. Then
n2mng= /1 2 /Mg >a.
(b) Choose ng € N with ng > a?®. Then n > ng =

241 1
"/1:/7;- =\/;z+;>\/r—bz\/no>a.

(c) Choose ng € N with ng > 6 +a. Then n > ng =
nf—6n+1>nn-6>n-6>ng—6>a
(d) Choose ng € N such that ng > (6 + ). Then n > ng =
B 6yF = Vi (VA —6) 2 - 63 i —6>6+a—6=a

(e) Choose ng € N with ng > 7+ 5% Then n > ng =

Vn—T2Vng—7>/f=-p

and so —/n -7 < S.
(f) Choose ng € Nwithmg > -8+ 1. Thenn >ng = n—1>
ng—1>-—PBandso —n+sinn< -n+l=—-(n-1)<B.

2. (a) Let z, — oo and let § < 0. Choose ng € N such that n >
ng = Tp > —f. Then n > ny = -z, < B, and so -z, — —oo.
Now let —z, — —o0 and let a > 0. Choose ng € N such that
n 2 ng = —I, < —a. Then n > ng = z, > a, and so =, — oo.
(This also follows from Theorem 3.14, part 4, by using a constant
sequence of —1.)



3.7. LIMITS AT INFINITY 35

: 1
(b) If:vn-—->0anda>0,choosenoeNsuchthathno:»xn<—.

1 1 1
Thenn>no=>—>aandso———->oo If;———»ooa.nde>0

n . (3
choosenoeNsuchthathno:;:—>-€-.Thenn_>_no=>

(]
Zn < € and so T, — 0.

3. (a) fz, — —ccanda>0, then (xn)neN is eventually in (~o0, —a).
Hence, (|Zn|)pey is eventually in (o, o0) and so |zn]| — oo. If
|| — oo and B < 0, then (|zn|)nen is eventually in (-3, 0).
Since |zn| = —Zn Y1, (Zn)nen is eventually in (—oo, §).

(b) Let (zn)neN=(1:"'2a3"4a.5?"6 )= (( 1)n+1 ) neN "

4, Proof of 1. Let « > 0. Case 1: z € R. Since z, — z, 3 ny € N
such that n > n; = 7, > z — 1. Since g — 00, I nz € N such that
n>ng =y, > a—(z—1). Then n > max{n;,no} = Zn +yn >
(z—-1)+a—-(z—1)=a, and 50 T +Yp — 0.

Case 2: z = co. Since T, — o0 and y, — 00, 3 n3 and ngq € N such that
n_>_n3:xn>-g-andn2n4=>yn>%.Thenanax{ng,m}=$>
Tp + Yn > @, and SO Ty, + Yn — 0.

Proof of 2. Let 8 < 0. If z € R, then eventually z, < = + 1 and
2n < B —(z+1). So eventually, z, + 2, < (x+ 1)+ B —(z+1) = F.

If z = —oco, then eventually z, < = and z, < 3 So eventually,

2
Zn + 2n < ,5.
Proof of 4. By Theorem 3.2 and Exercise 2(a), —zn, — —z where 0 <

—z < 00. By part 3 of Theorem 3.14, (=2 )yn — o0 and (—=Zn)z, —
—c0. By Exercise 2(a), Znyn — —c0 and Zpzp — 0.

5. Since ]:z:n]' — co, we may assume z, # 0 Vn € N. Then -I-—I — 0
n

(Exercise 2(b)). Since Zayn — L €R, |yn| = E-lnT |Tnyn| — 0 |L| =

by Theorem 3.2.

6. SinceﬁaL,BnoeNsuchthathno=>£<ﬁ<§-L.Hence,
y-n 2 yn 2

n>n = —l-Lyn < Z, < gLyn. If z, — oo, then -2-Lyn — 00; and

. 3 2 (3 1
since EL >0, yn = 3L (2Lyn) — 0. If yp — 00, then §-Lyn — o0
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since -;—L > 0, and so =, — 0.
Zn
(a) Eventually, . <1lorzp <Yn.
n

(b) fy. < B Vrn€N, then0<:rn—yn( )<B( )—>0.
Un Yn

The subsequences constructed in Exercise 3.3.5 have the appropriate
limits. -

Since ’_LlLrgo T, # 00 and z, > 0Vn, (Zn), oy has a subsequence (yn),en
which is bounded by Proposition 3.6. By Theorem 3.10 (¥n),ey » and

hence (Zn),cn > has a convergent subsequence.

For a € R or 8 € R the result follows from Exercise 3.4.9. If a = co,
then A is unbounded above. So Vn € N, choose =, € A with z, > n.
Then (Zn),ey is a sequence in A and z, — oo. By Theorem 3.9,
(Za)nen has a monotone subsequence (;yn)nGN which has limit co by
Theorem 3.15, and which must be monotone increasing for otherwise
Jim yn <3 < oo

If B = —oo, then A is unbounded below. Hence, Vn e N3z, € 4
with z, < —n. Therefore, (Z,),cy is 2 sequence in 4, z, — —oo,
and as above (2,), oy has a monotone subsequence (y5),cy With limit
—o0o. This subsequence must be monotone decreasmg for otherwise

Jim yn 231 > —o0.

Let o =sup A.

Case 1: a € A. Let , = a Vn. If @ = —o0, then A = {—oc0} and so
a = —oo falls into this case.

Case 2: ¢ € R\ A. Then ANR is nonempty and bounded above, so
this follows from Exercise 3.4.9.

Case 3: a=c0 ¢ A. This follows from Exercise 10 applied to ANR.

Let B = inf A.

Case 1: B € A. Let 2, = B Vn. Note that if 8 = +o0, then A = {+0c0}
and so B = oo falls into this case.

Case 2: B € R\ A. Then ANR is nonempty and bounded below, so
this follows from Exercise 3.4.9.

Case 3: 8= —o0 ¢ A. This follows from Exercise 10 apphed to ANR.
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3.8 Limit Superior and Limit Inferior

. (@) @n)pex = (-1)")peny = (-1,1,-1L,1,...). So limsupz, = 1
(the largest subsequential limit is 1), a.nd liminf z, = —1 (the
'smallest subsequential limit is —1).

(b) (Zn)pen = (-1,2,-3,4,-5,6,...). Solimsup z, = co [(2,4,6,...) —
oo} and liminf z, = —co [(—1,-3,-5,...) = —o0].

(c) Since 1 +% — 1, there are 2 subsequential limits, namely 1 (n
even) and —1 (n odd). So limsupz, = 1 and liminfz, = —1.

(d) Since —1 < cosz < 1V = € R, no subsequential limit can be
outside the interval [—1,1]. Since (cos2nm),ey converges to 1
and (cos(2n + 1)7),cx converges to —1, limsupcos(n7) =1 and
lim inf cos(nm) = —1. :

(e) (smﬂ) = (1,0,-1,0,1,0,—1,0,...) and 1+ % — 1. So
limsupz, =1 and liminfz, = —1.
(f) Since e™™ — 0, limsupz, = liminf Tp, = 0.

2. Any sequence with limit oo, for example (n),oy - That these are
the only types of sequences in R with limit inferior co follows from

Propositions 3.7 and 3.6 part 1.

3. Let B = liminfy,. If B = oo, the result is clear; so assume < co. Let
(yn,, )32, be a subsequence of (yYn)nen With yn, — 8. The correspond-
ing subsequence (Z,)2; of (Zn)nen has a subsequence with limit in
R#. Since Zn, < Yn, Vk, this limit must be < S. Therefore, (Tn)exn
has a subsequential limit which is at most §, and so liminfz, < 8
(because liminf z,, is the smallest subsequential limit of (zn),en)-
Let @ = limsup z,. If @ = — co, the result is clear; so assume a > —co.
Let (2n, ), be a subsequence of (Tn)nen With zn, — a. The cor-
responding subsequence (yn, )32, Of (Yn)nen has a subsequence with
limit in R¥. Since Zn, < Yn, VK, this limit must be > ¢, and so
o < limsupy, (because limsup yy, is the largest subsequential limit of

(yn)nGN) .

4. The argument below mimics the proof of Proposition 3.8. Let a =
liminf a,, 8 = liminf b,, and v = liminf(ay, + b,). Since we want to
show a + 3 < 7, we may assume -y # co0 and a + (§ # —oo.

Since « is a subsequential limit of (an+bn)nen, 3 2 subsequence (an, +
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bn )2y Of (@n + Bn)ren With an, + bn, =7 The sequence (an, )52,

has a subsequence (ank )32, with limit » in R# where u > —oo since
o # —o0, and the sequence (b, )%; has a subsequence. (bn,, )32, with
limit v in R¥ where v > —co since 3 # —co. Then (an,, +b,,,, Y=
and (ank +bn,, )—-r u-+v. By the uniqueness of limits, y = u+v. Smce

a and (3 are the smalleﬁt subsequential limits of (@n)nen and (Bn)nen
respectively, & < u and 8 < v. Therefore, a+8<u+v="1.

.Lete >0.Sincez, =z €R,3ng € Nsuchthat n 2 np+1 =

|Zn — x| < &. (We are using ng + 1 instead of ng for notational conve-
nience below.) Following the hint, n >no+1=

la:l—z|+lxz—ml+---'+tzm—x|+(n—no>€
n n )

Iyn -zl <

By Proposition 3.8,

0 < limsuply. ~ 2

— |+ |zo — ) —no\
oy ol o sl oot o= = s o (222)

< limsup

0+ Iim (n—no)e
n_ J

T~ 00

= E&.

Since £ > 0 is arbitrary, 0 < liminf |y, ~ z| < limsup jy, — | = 0;
hence, lim |y — | = 0 by Proposition 3.7. Therefore, nlirgo(yn —-)=

0 and so Yy, — Z.

. Let (Zn)pen = (0,1,0,1,...). Since

if n is even

BN =

=91 n-1

yn—"z'-



